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Abstract
In this paper, we obtain some oscillation criteria for the second-order linear differential
equation x′′(t)+ p(t)x(t)= 0.  2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
In this paper, we study the oscillatory property of the second-order linear
differential equation
x ′′(t)+ p(t)x(t)= 0, (1)
where p ∈ L1([u0,∞)). Oscillations of Eq. (1) have been investigated inten-
sively; see [1–3].
In this paper, by using the similar methods in the proof of [4, Lemmas 3 and 6],
we obtain the following results.
Theorem 1. If for large t ∈ R,
∞∫
t
p(s) ds  α0
t
, (2)
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where α0 > 1/4, then Eq. (1) is oscillatory.
Theorem 2. If for large t ∈R,
∞∫
t
p(s) ds  1
4t
, (3)
then Eq. (1) has an eventually positive solution.
2. The proofs of theorems
Proof of Theorem 1. Assume that (2) holds and contrary, there exists t0 > 0 such
that x(t) > 0 for t t0. By (2) it is easy to see that there exists t1  t0 such that
∞∫
t
p(s) ds  α0
t
for t  t1, (4)
which yields that there exists an integer n(t) t such that
t ′∫
t
p(s) ds  α1
t
and
α21
t
− α
2
1
t ′
 α
2
t
for t ′  n(t), (5)
where α0  α1  α > 1/4.
Let v(t)= x ′(t)/x(t) for t  t0. Then
x ′′(t)= v(t)x ′(t)+ v′(t)x(t)= (v2(t)+ v′(t))x(t).
Substituting this into (1) we obtain
v′ + v2(t)+ p(t)= 0 for t  t0. (6)
Integrating (6) from t to t ′, by (5) we get
v(t)− v(t ′)=
t ′∫
t
v2(s) ds +
t ′∫
t
p(s) ds  0 for t ′  n(t) and t  t1. (7)
If there exists t2  t1 such that v(t2) < 0, then from (7), for t  n(t2), v(t) < 0.
Therefore, v(t) is either eventually positive or eventually negative.
If v(t) is eventually negative, then there exists t3  t1 such that v(t)  0 for
t  t3 and
|v(t)|
t∫
t3
v2(s) ds +
t∫
t3
p(s) ds for t  n(t3), (8)
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which, with (5), yields
|v(t)|
t∫
t3
v2(s) ds +
t∫
t3
p(s) ds 
t∫
t3
v2(s) ds + α1
t3
for t  n(t3); (9)
i.e.,
|v(t)| α1
t3
 α1
t
for t  n(t3).
Substituting this into (7) we obtain
|v(t)| α21
t∫
n(t3)
1
s2
ds + α1
n(t3)

τ 20 + τ0
t
for t  n
(
n(t3)
)
, (10)
where τ0 = α > 1/4.
If v(t) is eventually positive, then there exists t4  t1 such that v(t) > 0 for
t  t4 and from (5) and (7) we have
v(t)
t ′∫
t
v2(s) ds +
t ′∫
t
p(s) ds  α1
t
for t ′  n(t) and t  t4. (11)
Using the similar methods in the proof of (10) we have
|v(t)| τ
2
0 + τ0
t
for t  t4. (12)
Setting τi = τ 2i−1 + τ0, i = 1,2, . . . , and taking t5 = max{n(n(t3)), t4} from (10)
and (12) we get
|v(t)| τ1
t
for t  t5.
By induction, from (9) and (11) we can prove that
|v(t)| τi
t
for t  t5, i = 1,2, . . . . (13)
It is easy to see that
|v(t)| =∞ for t  t5.
This contradiction yields that the proof is complete. ✷
Proof of Theorem 2. Take t0 > 0 such that
∞∫
t
p(s) ds  1
4t
for t  t0. (14)
286 J. Deng / J. Math. Anal. Appl. 271 (2002) 283–287
Define the sequence as follows:
v0(t)= 12t for t  t0, (15)
vi(t)=
∞∫
t
v2i−1(s) ds +
∞∫
t
p(s) ds for t  t0, (16)
which, together with (14) and (15), yields
v1(t)=
∞∫
t
v20(s) ds +
∞∫
t
p(s) ds = 1
4
∞∫
t
1
s2
ds +
∞∫
t
p(s) ds
 1
4t
+ 1
4t
 1
2t
= v0(t).
By induction, one can easily prove in general that
∞∫
t
ps ds  vi+1(t) vi(t)
1
2t
for t  t0, i = 0,1,2, . . . .
Therefore, the sequence {vi(t)} has a limiting function v(t) on i with
∞∫
t
p(s) ds  lim
i→∞vi(t)= v(t) 1/(2t)
for t  t0. From (16) we find
v(t)=
∞∫
t
v2(s) ds +
∞∫
t
p(s) ds, t  t0.
It follows that
v′(t)+ v2(t)+p(t)= 0, t  t0. (17)
Set x(t0) = 1, x(t) = exp(
∫∞
t0
v(s) ds), t  t0. Then x(t) > 0, x ′(t) = v(t)x(t)
for t  t0. Hence
x ′′(t)= (v′(t)+ v2(t))x(t), t  t0,
which, together with (17), yields
x ′′ + p(t)x(t)= 0, t  t0.
Clearly, for t  t0, x(t) > 0 is a positive solution of (1). The proof is
complete. ✷
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